We apply the method of integral representations to study the ill-posed Cauchy problem for the heat equation. More precisely we recover a function, satisfying the heat equation in a cylindrical domain, via its values and the values of its normal derivative on a given part of the lateral surface of the cylinder. We prove that the problem is ill-posed in the natural (anisotropic) spaces (Sobolev and Hölder spaces, etc). Finally, we obtain a uniqueness theorem for the problem and a criterion of its solvability and a Carleman-type formula for its solution.
The integral representation method is the core of investigations of the ill-posed problems for partial differential equations, see [1] [2] [3] . Lev Aizenberg [4, 5] noted that the Cauchy problem for the Cauchy-Riemann equations is closely related to the problem of analytic continuation even if its entries are not analytic. He found principal ingredients, leading to the construction of integral formulas for its solution (Carleman formulas): a proper integral formula recovering the function via the data on the whole boundary, the uniqueness theorem and an effective tool, providing the analytic continuation from a domain to a larger one. This method was successfully used in the framework of Hilbert space methods to investigate the Cauchy problem for general elliptic systems of partial differential equations, see [6] [7] [8] , and even to elliptic complexes of differential operators, see [9] . It provided both a solvability criterion and formulas for exact and approximate solutions. Recently, the scheme of using the concept of analytic continuation was adopted to obtain a solvability criterion for the ill-posed Cauchy problem in Hölder spaces for some parabolic operators as well, see [10, 11] .
In this paper we concentrated our efforts in the construction of Carleman-type formulas for solutions to the heat equation. Namely, we recover a function satisfying the heat equation in a cylindrical domain via its values and the values of its normal derivative on a given part of the lateral surface of the cylinder. The principal difference with [10, 11] is that we use anisotropic Hölder and Sobolev spaces and we succeed to involve Hilbert space methods, too.
Preliminaries
Let Ω be a bounded domain in n-dimensional linear space R n with the coordinates x = = (x 1 , . . . , x n ). As usual we denote by Ω the closure of Ω, and we denote by ∂Ω its boundary. In the sequel we assume that ∂Ω is piece-wise smooth. We denote by Ω T the bounded open cylinder Ω × (0, T ) in R n+1 with a positive altitude T . Let also Γ ⊂ ∂Ω be a non empty connected relatively open subset of ∂Ω. Then Γ T = Γ × (0, T ) and Γ T = Γ × [0, T ].
We consider functions on subsets in R n and R n+1 . As usual, for s ∈ Z + we denote by C s (Ω) the space of all s times continuously differentiable functions in Ω. Next, for a (relatively open) set S ⊂ ∂Ω denote by C s (Ω ∪ S) the set of such functions from the space C s (Ω) that all their derivatives up to order s can be extended continuously onto Ω ∪ S. The standard topology of these metrizable spaces induces the uniform convergence on compact subsets in Ω ∪ S together with all the partial derivatives up to order s (the case S = ∅ is included). We will also use the so-called Hölder spaces (cf., [12, Ch. 1, Sec. 1] . Recall that a function u, defined on a set M ∈ R n , is called Hölder continuous with a power 0 < λ < 1 on M , if there is such a constant C > 0 that
Let C s,λ (Ω ∪ S) stand for the set of such Hölder continuous functions that all their partial derivatives up to order s are also Hölder continuous functions with a power λ over each compact
see, for instance, [12] [13] [14] . In general, the space C s,λ (Ω ∪ S) again can be treated as a metrizable space, generated by a system of seminorms p s,λ
To investigate the heat equation we need also the anisotropic (parabolic) spaces, see [12, Ch. 1] , [14, Ch. 8] . For this purpose, let C 2s,s (Ω T ) stand for the set of all continuous functions u in Ω T , having in Ω T the continuous partial derivatives ∂ j t ∂ α x u with all multi-indexes (α, j) ∈ Z n + × Z + satisfying |α| + 2j 2s where, as usual, |α| = n ∑ j=1 α j . Similarly, we denote by C 2s+k,s (Ω T ) the set of continuous functions in Ω T , such that all partial derivatives ∂ β u belong to C 2s,s (Ω T ) if β ∈ Z n + satisfies |β| k, k ∈ Z + . Of course, it is natural to agree that C 2s+0,s (Ω T ) = C 2s,s (Ω T ), C 0,0 (Ω T ) = C(Ω T ) and C 0 (Ω) = C(Ω). We also denote by C 2s+k,s ((Ω ∪ S) T ) the set of such functions u from the space C 2s+k,s (Ω T ) that their partial derivatives ∂ j t ∂ α+β x u, 2j + |α| 2s, |β| k, can be extended continuously onto (Ω ∪ S) T . The standard topology of these metrizable space induces the uniform convergence on compact subsets of (Ω∪S) T together with all partial derivatives used in its definition (the case S = ∅ is included).
We will also use the so-called anisotropic Hölder spaces (cf., [12, Ch. 1] , [14, Ch. 8] ). Recall that a function u(x, t), defined on a set
Let C 2s+k,s,λ,λ/2 ((Ω ∪ S) T ) stand for the set of anisotropic Hölder continuous functions with a power λ over each compact subset of (Ω ∪ S) T together with all partial derivatives ∂ α+β x ∂ j t u where |β| k, |α| + 2j 2s. Clearly, C 2s+k,s,λ,λ/2 (Ω T ) is a Banach space with the norm, 
In order to invoke the Hilbert space approach, we need anisotropic (parabolic) Sobolev spaces H 2s,s (Ω T ), s ∈ Z + , see, [12, 15] , i.e. the set of all measurable functions u in Ω T such that all generalized partial derivatives
2s, belong to the Lebesgue class L 2 (Ω T ). This is a Hilbert space with the inner product
We also may define H 2s,s (Ω T ) as the completion of the space C 2s,s (Ω T ) with respect to the norm ∥ · ∥ H 2s,s (ΩT ) generated by the inner product (1) . For s = 0 we have H 0,0 (Ω T ) = L 2 (Ω T ).
Let now ∆ n = n ∑ j=1 ∂ 2 xj ,xj be the Laplace operator in R n and let L = ∂ t − µ∆ n stand for the heat operator in R n+1 . This operator plays essential role in the contemporary natural science, see, for instance, [17] . Now let ∂ ν = n ∑ j=1 ν j ∂ xj denote the derivative at the direction of the exterior unit normal vector ν = (ν 1 , . . . , ν n ) to the surface ∂Ω. As ∂Ω is piece-wise smooth, the normal vector ν is defined almost everywhere on ∂Ω. It is known that the standard initial boundary value problem for the heat operator consists of the recovering of the function u over the cylinder Ω T satisfying the heat equation
the boundary and initial conditions
for fixed real-valued functions a and b and given data f and u 0 . Problem (2), (3) is well-posed over the scales of anisotropic Hölder and Sobolev spaces, see, for instance, [12] [13] [14] [15] [16] [17] [18] . Instead, we consider the Cauchy problem in the cylinder Ω T in the sense of the Cauchy-Kowalevski Theorem with respect to the space variables, cf. [19] .
satisfying the heat equation (2) and boundary conditions
The motivation of Problem 1 is rather transparent. It describes the situation where for some reasons at each time t ∈ [0, T ] only part Γ of the boundary of the "body" Ω is available for measurements. Example 1. If n > 1 then the famous Hadamard example for the Cauchy problem for the Laplace operator is fit to demonstrate the absence of the continuity of the solution with respect to the data in all reasonable standard spaces (Hölder spaces, Sobolev spaces, etc., see [19] ). For instance, denote by Q n,R the n-dimensional cube {0 < x m < R, 1 m n} and take the cube Q n,1 as the base Ω of the cylinder Ω T . Let Γ be the face {x n = 0} of the cube Q n,1 and Γ T = Q n−1,1 × (0, T ). Then, for each a j ∈ R, j ∈ N, the function u j (x, t) = a j cos(jx 1 ) cosh(jx n ) is a solution to problem (2), (4), with the data f j = 0, u 1,j = a j cos(jx 1 ), u 2,j = 0.
If lim j→+∞ j 2s+k a j = 0 then for each k ∈ Z + and each λ ∈ [0, 1] we have
On the other hand, the sequence |u j (x, t)| is unbounded for each (x, t) ∈ Ω T .
If n = 1 then we could not directly provide a corresponding example but we reduce the problem to an ill-posed one in Theorem 2 below. However, Problem 1 become ill-posed if we additionally impose rather mild restrictions on the growth of its solutions in Ω T , see [10] . Indeed, consider the sequence of smooth solutions u j (x, t) = a j e µj 2 (t−T )+jxn to problem (2), (4), with the data
On the other hand, if we choose a j = j −2(s+1)−1 then for any q 1 we have
Solvability conditions and Carleman formula
If the surface Γ and the data of the problem are real analytic then the Cauchy-Kowalevski Theorem implies that problem (2), (4) has at most one solution in the class of (even formal) power series. However the theorem does not imply the existence of solutions to Problem 1 because it grants the solution in a small neighbourhood of the (analytic) surface Γ T only (but not in a given domain Ω T !). We begin this section proving that Problem 1 can not have more than one solution in the spaces of differentiable (non-analytic) functions.
To investigate Problem 1, we use an integral representation constructed with the use the fundamental solution to heat operator L, see, for instance, [13, 17] :
Consider the cylinder type domain Ω T1,T2 = Ω T2 \ Ω T1 with 0
we introduce the following potentials: 
are often referred to as heat potentials or, more precisely, volume heat potential, single layer heat potential and double layer heat potential, respectively. By the construction, all these potentials are (improper) integrals depending on the parameters (x, t).
Next, we need the so-called Green formula for the heat operator.
the following formula holds:
Proof. See, for instance, [10] , [ As is known, the heat equation is hypoelliptic. Moreover, any C 2,1 (Ω T1,T2 )-solution P to the heat equation LP = 0 in the cylinder domain Ω T1,T2 belongs to C ∞ (Ω T1,T2 ) and, actually P (x, t) is real analytic with respect to the space variable x ∈ Ω for each t ∈ (T 1 , T 2 ), see, for instance, [17, Ch. VI, Sec. 1, Theorem 1]. Then Green formula (5) and the information on the kernel Φ provide us with a uniqueness theorem for Problem 1.
Theorem 1 (A uniqueness theorem). If Γ has at least one interior point in the relative topology of ∂Ω then Problem 1 has no more than one solution.
Proof. See, for instance, [10, Theorem 1, Corollary 1].
2
Now we are ready to formulate a solvability criterion for Problem 1. As before, we assume that Γ is a relatively open connected set of ∂Ω. Then we may find a set Ω + ⊂ R n in such a way that the set D = Ω ∪ Γ ∪ Ω + would be a bounded domain with piece-wise smooth boundary. It is convenient to set Ω − = Ω. For a function v on D T we denote by v + its restriction to Ω + T and, similarly, we denote by v − its restriction to Ω T . It is natural to denote limit values of v ± on Γ T , when they are defined, by v ± |Γ T . Actually, a solvability criterion for Problem 1 was obtained in [10] . In this section we would like to improve these results in order to invoke Hilbert space methods. More precisely, the following theorem is a modification of [10, Theorem 2], related to the use of anisotropic Hölder spaces. Though the proofs of the theorems are very similar, we obtain additional essential information about the solution to Problem 1 allowing us to use anisotropic Sobolev spaces and so called bases with double orthogonality property.
Theorem 2 (Solvability criterion). Let λ ∈ (0, 1), ∂Ω belong to C 1+λ and let Γ be a relatively open connected subset of ∂Ω. If f ∈ C 0,0,λ,λ/2 (Ω T ), u 1 ∈ C 1,0,λ,λ/2 (Γ T ), u 2 ∈ C 0,0,λ,λ/2 (Γ T ) then Problem (2), (4) is solvable in the space C 2,1,λ,λ/2 (Ω T ) ∩ C 1,0,λ,λ/2 (Ω T ∪ Γ T ) if and only if there is a function F ∈ C ∞ (D T ) satisfying the following two conditions:
Proof. Necessity. Let a function u(x, t) ∈ C 2,1,λ,λ/2 (Ω T ) ∩ C 1,0,λ,λ/2 (Ω T ∪ Γ T ) satisfy (2), (4). Clearly, the function u(x, t) belongs to the space
. Without loss of the generality we may assume that the interior part Γ ′ of the set Ω ′ ∩ ∂Ω is non-empty. Consider in the domain D T the functions
where χ M is the characteristic function of a set M ⊂ R n+1 . By the very construction condition 2) is fulfilled for it. Note that
Arguing as in the proof of Theorem 1 we conclude that each of the integrals on the right-hand side of (7) is smooth outside the corresponding integration set and each satisfies homogeneous heat equation there. In particular, we see that containing (x, t). That is why LF = 0 in D T , and hence F belongs to the space C ∞ (D T ). Thus, this function satisfies condition 1), too. Sufficiency. Let there be a function F ∈ C ∞ (D T ), satisfying conditions 1) and 2) of the theorem. Consider on the set D T the function
As 
and, moreover,
Since 
On the other hand, the behaviour of the double layer potential W Γ,0 (u 1 ) is similar to the behaviour of the normal derivative of single layer potential V Γ,0 (u 1 ). Hence
Proof. It is similar to the proof of the analogous lemma for Newton double layer potential (see, for instance, [6, Lemma 1.1]). Actually, one needs to use Lemma 1 instead of the standard Green formula for the Laplace operator, see [10, Lemma 2] for a different function class.
Since F ∈ C ∞ (D T ) ⊂ C 1,0,λ,λ/2 ((Ω + ∪ Γ) T ) then it follows from the discussion above that W + Γ,0 (u 2 ) ∈ C 1,0,λ,λ/2 ((Ω + ∪ Γ) T ). Thus, formulas (8)- (12) and Lemma 2 imply that U belongs C 2,1,λ,λ/2 (Ω ± T ) ∩ C 1,0,λ,λ/2 ((Ω ± ∪ Γ) T ) and
In particular, (2) is fulfilled for U − . Let us show that the function U − satisfies (4). Since
It follows from formulas (9) and (11) that the volume potential G + Ω,0 (f ) and the single layer potential V + Γ,0 (u 2 ) are continuous if the point (x, t) passes over the surface Γ T . Then
because of the theorem on jump behaviour of the double layer potential W Γ,0 (u 1 ) (see, for instance, [13, Ch. 5, Sec. 2, theorem 1] for the corresponding heat potential), i.e. equality the first equation in (4) is valid for U − . Formula (9) means that that the normal derivative of the volume potential G + Ω,0 (f ) is continuous if the point (x, t) passes over the surface Γ T . Therefore
By theorem on jump behaviour of the normal derivative of the single layer potential (see, for instance, [16, Ch. 3, Sec. 10, Theorem 10.1] for the corresponding heat potential),
Finally, we need the following lemma.
Proof. It is similar to the proof of the analogous lemma for the the heat double layer potential (see, for instance, [10, Lemma 3] for a different function class). 2
Using Lemma 3 and formulas (13), (14), we conclude that ∂ ν U − |Γ T = u 2 , i.e. the second equation in (4) is fulfilled for U − . Thus, function u(x, t) = U − (x, t) satisfies conditions (2), (4). The proof is complete.
We note that both [10, Theorem 2] and Theorem 2 are analogues of Theorem by Aizenberg and Kytmanov [5] describing solvability conditions of the Cauchy problem for the Cauchy-Riemann system (cf. also [6] in the Cauchy Problem for Laplace Equation or [8] in the Cauchy problem for general elliptic systems). Formula (8) , obtained in the proof of Theorem 2, gives the unique solution to Problem 1. Clearly, if we will be able to write the extension F of the sum of potentials G Ω,0 (f ) + V Γ,0 (u 2 ) + W Γ,0 (u 1 ) from Ω + T onto D T as a series with respect to special functions or a limit of parameter depending integrals then we will get Carleman-type formula for solutions to Problem 1 (cf. [5] ). The simplest formulas of this type for the Cauchy-Riemann system was constructed by Goluzin and Krylov, see [22] or [4] , for the special domains (the so-called "lunes", i.e. parts of a disc Ω on the complex planes, separated from the origin by a smooth curve Γ ⊂ Ω). Aizenberg and Kytmanov [5] supplement the Goluzin-Krylov formula with a simple solvability criterion for the Cauchy problem for holomorphic functions in the lunes based on the Cauchy-Hadamard formula for power series. Let us extend this approach for the case n = 1.
With this purpose we introduce the following Carleman kernels:
Corollary 1. Let n = 1, a > 0, Ω = (a, 1) and D = (−1, 1) . Under the hypotheses of Theorem 2, Problem 1 is solvable in the space
where c k (t) are the Taylor coefficients of the function F (x, t) with respect to the variable x at the origin for fixed value t ∈ (0, T ) given by (19) below. Besides, the solution, if exists, equals to
Proof. The first part of the corollary follows immediately from Theorem 2, formula (8) for the solution to Problem 1 and the Cauchy-Hadamard formula for the radius of the convergence of a power series. In particular,
On the other hand, we may write easily the Taylor series with respect to the variable x near the origin for the kernel
where the series converges uniformly on the compacts in the set {|x| < a, y ∈ Ω, t > τ 0} and
As y ∈ Ω then y ̸ = 0 and the kernels Φ k (y, t − τ ) and ∂ ν Φ k (y, t − τ ) are integrable over subsets of Ω T . Thus, using (6), after termwise integration of the Taylor series (18), we identify the Taylor coefficients c k (t) as follows:
ds(y)dτ. (19) Finally, combining formulas (6), (17) , (19) , we arrive at Carleman-type formula (16) . 2
For n > 1 the situation differs drastically because of the nature of the multi-dimensional Cauchy-Hadamard formula for multiple power series. Instead, for the multidimensional Cauchy-Riemann system Aizenberg and Kytmanov [5] suggested to use Hilbert space theory and the so-called bases with the double orthogonality property (cf. [6] [7] [8] for elliptic systems).
Following this idea, we assume that the surface ∂Ω and that the data u j are smoother than in Theorem 2. Namely, we need the following lemma. Lemma 4. Let ∂Ω ∈ C 3+λ and let Γ be a relatively open subset of ∂Ω with boundary ∂Γ ∈ C 2+λ . If u 1 ∈ C 2,1,λ,λ/2 (Γ T ), u 2 ∈ C 2,1,λ,λ/2 (Γ T ) then there exist functionsũ j ∈ C 2,1,λ,λ/2 (∂Ω T ) such thatũ j = u j on Γ T , j = 1, 2 and a functionũ ∈ C 2,1,λ,λ/2 (Ω T ) such thatũ =ũ 1 on (∂Ω) T and ∂ νũ =ũ 2 on (∂Ω) T .
Proof. We may adopt the standard arguments from [23, Lemma 6.37] related to isotropic spaces. Indeed, according to it, under our assumptions, for
The construction of the extension involves the rectifying diffeomorphism of ∂Γ and a suitable partition of unity of a neighbourhood of ∂Γ, only. Thus, we conclude there are functionsũ j ∈ C 2,1,λ,λ/2 (∂Ω T ) such thatũ j = u j on Γ T , j = 1, 2.
Next, we use the existence of the Poisson kernel P ∆ 2 ,Ω (x, y) for the Dirichlet problem related to the operator ∆ 2 n , see [24] . It is known that the problem is well-posed over the scale of Hölder spaces in Ω. Namely, as ∂Ω ∈ C 3,λ , for each 1 s 3 and v 1 ∈ C s,λ (∂Ω), v 2 ∈ C s−1,λ (∂Ω) the integral
ds(y)
belongs to C s,λ (Ω) and satisfies ∆ 2
Then the first integral belongs to C 2,λ (Ω) and the second belongs to C 3,λ (Ω) with respect to the variable x for each t ∈ [0, T ]. By the construction,ũ(·, t) =ũ 1 (·, t) on ∂Ω and ∂ νũ (·, t) =ũ 2 (·, t) on ∂Ω for each t ∈ [0, T ]. It remains to check thatũ belongs to C 2,1,λ,λ/2 (Ω T ) as the sum of integrals depending on the parameter (x, t) ∈ Ω T . 2
The statements of such type actually reflect the fact that the system of boundary operator, related to the investigated problem, is compatible. In the theory of elliptic operators this means that the system {I, ∂ ν } is a Dirichlet system on Γ, see, for instance, [7, 8] . For example, under the assumptions of Lemma 4, for each pair v 1 
In Lemma 4 we use smoother data u 2 on Γ T because the heat operator under the consideration is not elliptic and the behaviour with respect to the variable t can not be improved by actions with respect to the variable x.
Under the assumptions of Lemma 4, we set 
First of all, we note that, by Green formula (5), we haveF = G Ω,0 (f − Lũ) and theñ F ∈ C 2,1,λ,λ/2 (Ω ± T ) because of (9) . On the other hand,
This means that the functionF − F satisfies the L(F − F) = 0 in D T and hence the function Let Problem (2), (4) be solvable in the space C 2,1,λ,λ/2 (Ω T ) ∩ C 1,0,λ,λ/2 (Ω T ∪ Γ T ) ∩ H 2,1 (Ω T ). Then formulas (6) and (21) implỹ [17, Ch. VI, Sec. 1, Theorem 1]) we conclude that F ∈ H 2,1 (D T ), i.e. conditions 1'), 2') of the corollary are fulfilled.
If conditions 1'), 2') of the corollary hold true then conditions 1), 2) of Theorem 2 are fulfilled, too. Moreover, formulas (8) and (21) imply that in D T we have
and the U − is the solution to Problem 1 in the space C 2,1,λ,λ/2 (Ω T )∩C 1,0,λ,λ/2 (Ω T ∪Γ T )H 2,1 (Ω ± T ) by Theorem 2. Proof. Indeed, by the definition the space H 2,1 (D T ) is continuously embedded to L 2 (ω T ). As any weak solution to the heat equation in D T is a weak solution the heat equation in ω T , too, we conclude that H 2,1 L (D T ) is continuously embedded to L 2 L (ω T ). Let us denote by R D,ω the corresponding embedding operator, R D,ω :
. By the construction, the range of the operator R is dense in L 2 L (ω T ). Moreover, by Fubini Theorem the anisotropic Sobolev space H 2,1 L (D T ) can be continuously embedded to the Bochner type space B ((0, T, H 
is embedded compactly to L 2 L (D T ) and then to L 2 L (ω T ), i.e. the operator R D,ω is compact.
Let R * D,ω be the Hilbert space adjoint operator for R D,ω , i.e. R * D,ω :
. Then the Hilbert-Schmidt spectral theorem grants the existence of an orthonormal basis {b ν } in the space H 2,1 L (D T ), consisting of the eigen-vectors of the compact self-adjoint operator
Finally, applying we see that the system {b ν } is the basis with the double orthogonality property, we are looking for, see [7, Example 1.9].
Let ω be a relatively compact subset of Ω + ⊂ D with piece-wise smooth boundary and let {b ν } be the basis with the double orthogonality property granted by Lemma 5. We introduce now the following Carleman kernels:
Also, let c ν (F) be the Fourier coefficients of the functionF with respect to the orthogonal basis {b ν|ωT } in the space L 2 L (ω T ): 
Besides, the solution, if exists, is given by
N (x, y, t, τ )ũ 1 (y, τ )ds(y)dτ
) .
Proof. Again, we note that the heat operator is hypoelliptic, i.e. all weak L 2 (Ω T )-solutions to the homogeneous heat equations are in fact the smooth ones in Ω T . This means that H 2,1 L (Ω T ) = = H 2,1 L (Ω T ) ∩ C ∞ (Ω T ). Then [17, Ch. VI, Sec. 1, Theorem 1] implies that conditions 1'), 2') of Corollary 2 are equivalent to the following one:F =F in ω T , or, the same, R D,ωF =F. Thus, the first statement of the corollary follows immediately from Lemma 5 and [7, Example 1.9]. On the other hand, according [7, Example 1.9], ifF ∈ H 2,1 L (D T ) is the extension of the functionF from ω T to D T thenF
Therefore, (22) yields
, (x, t) ∈ Ω T .
We note that if y ∈ Ω and x ∈ ω then x ̸ = y and the kernel Φ(x − y, t − τ ) is integrable over Ω T × Ω T . Thus, we may use integral formula (20) forF and Fubini Theorem in order to change the order of the integrations in (23) . Hence it follows from (25) that (24) holds true. 2 Example 2. What is still lacking is an example of a basis with the double orthogonality property granted by Lemma 5 for a pair D and ω. However we may easily give an example of a system with the double orthogonality. Indeed, for each multi-index k ∈ Z n we set b (1) k (x, t) = e −4π 2 µ|k| 2 t cos
where |k| 2 = n ∑ j=1 k 2 j . Then Lb (i) k = 0 in R n ×(0, T ) for each k ∈ Z n and the system {b
k } k∈Z n is orthogonal in L 2 (Q n,j × (0, T )) for every cube Q n,j , j ∈ N, and T > 0 because the trigonometrical system is orthogonal on the cube Q n,1 and it is periodic. Thus, {b (1) k , b (2) k } k∈Z n is a system with the double orthogonality property for any pair D = Q n,j and ω = Q n,l , if j > l. Unfortunately, this system can not be complete in H 2,1 ((Q n,j ) T ) because each function b k has equal values on the opposite faces of the cube Q n,j and the elements of the space H 2,1 ((Q n,j ) T ) admit traces on (∂Q n,j ) T .
We note also that the scheme, realized in the paper, is valid for a more general parabolic operator L, too, if it admits a fundamental solution with the following properties: the analyticity with respect to x for each fixed t and the proper behavior of the corresponding integrals I Ω , G Ω , V ∂Ω and W Ω on the scale of the (anisotropic) Hölder spaces (see, for example, [13, 26] for the conditions providing the existence of such kernels). 
